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HARDY UNIQUENESS PRINCIPLE FOR THE LINEAR
SCHRO¨DINGER EQUATION ON QUANTUM REGULAR TREES
AINGERU FERNA´NDEZ BERTOLIN, ANDREEA GRECU, AND LIVIU I. IGNAT
Abstract. In this paper we consider the linear Schro¨dinger equation (LSE) on a regular
tree with the last generation of edges of infinite length and analyze some unique contin-
uation properties. The first part of the paper deals with the LSE on the real line with a
piece-wise constant coefficient and uses this result in the context of regular trees. The sec-
ond part treats the case of a LSE with a real potential in the framework of a star-shaped
graph.
1. Introduction
For any function f ∈ L2(R) we consider its Fourier transform
fˆ(ξ) =
1√
2pi
∫
R
e−ixξf(x) dx, ξ ∈ R.
With the above definition in mind, the well known Hardy’s uniqueness principle (HUP) [8,
Theorem 2], asserts that if f and fˆ are both O(e−
1
2
x2), then f = g = Ae−
1
2
x2 , with A a
constant, and if one is o(e−
1
2
x2), then both are identically zero. As a consequence, if
f(x) = O(e−αx
2
) and fˆ(ξ) = O(e−βξ
2
)
with α, β > 0 such that αβ > 1/4, then f ≡ 0. This result is sharp, in the sense that if
αβ = 1/4 then f is a multiple of e−αx
2
. Morgan [13] extends this result to any conjugate
exponents p and p′ = p
p−1 with p > 2. More precisely, if
f(x) = O(e−αx
p
) and fˆ(ξ) = O(e−βξ
p′
) as |x|, |ξ| → +∞,
with α, β > 0 such that α1/pβ1/p
′
> 1
p1/pp′1/p′ | cos(
pip′
2
)|1/p′ , then f ≡ 0. This result is also
sharp. One-sided versions of these results are obtained by Nazarov [14, Theorem 2.3]: for
p ∈ [2,∞] if
f(x) = O(e−αx
p
) and fˆ(ξ) = O(e−βξ
p′
) as x, ξ → −∞ or +∞,
with α, β > 0 such that α1/pβ1/p
′
> 1
p1/pp′1/p′ sin(
pi
p′ ), then f ≡ 0. The exponents in this
case are also the best possible.
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Cowling and Price [4] extend to Lp, Lq versions: if 1 ≤ p, q ≤ ∞ with at least one of
them finite and
‖eαx2f‖Lp(R) + ‖eβξ2 fˆ‖Lq(R) <∞,
with α, β > 0, such that αβ > 1/4, then f ≡ 0. The proofs of the above results use complex
analysis techniques, and similar results in terms of the unique solution in C(R, L2(R)) of
the linear Schro¨dinger equation{
iut(t, x) + ∆u(t, x) = 0, x ∈ R, t 6= 0,
u(0) = u0, x ∈ R (1.1)
can be obtained, see for e.g. [3]. Using the Fourier transform the solution u of the above
sistem can be written as
u(t, x) =
1√
2it
e
i|x|2
4t
(
e
i|·|2
4t u0
)̂
(
x
2t
).
This representation and the above property of the Fourier transform show that the unique
solution of system (1.1) satisfying u(0, x) = O(e−αx
2
), u(T, x) = O(e−βx
2
) as |x| → ∞,
with
αβ >
1
16T 2
,
vanishes identically. Lp-versions of these results hold also under the same assumption. For
convenience, in the following we will consider the case T = 1.
In this paper we obtain similar results for the Schro¨dinger equation on trees. Let us
consider the Schro¨dinger equation on a tree Γ:{
iut(t, x) + ∆Γu(t, x) = 0, x ∈ Γ, t 6= 0,
u(0) = u0, x ∈ Γ, (1.2)
where with ∆Γ is the Laplace operator on Γ with the Kirchhoff coupling condition at the
vertices (see section 2 for a precise definition).
Our main result concerning the HUP for the above system is obtained in the context
of regular trees. These are particular cases of trees having the property that all the edges
of the same generation have the same length and all the vertices of the same generation
have equal number of children. In the following we write f . g if there exists a positive
constant C, depending on f and g, such that f ≤ Cg.
Theorem 1.1. Let Γ be a regular tree and α and β such that αβ > 1/16. Any solution
u ∈ C(R, L2(Γ)) of problem (1.2) that satisfies
|u(0, x)| . e−αx2 , |u(1, x)| . e−βx2 , ∀ x ∈ Γ
vanishes identically.
Using the arguments in [9] one can reduce the properties of the solutions of the LSE
on a regular tree to the analysis of the LSE involving a piecewise constant coefficient σ.
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Theorem 1.1 is a consequence of the following result for the linear Schro¨dinger equation
with a piecewise constant coefficient σ : R→ R taking a finite number of positive values:{
iut(t, x) + ∂x(σ∂xu)(t, x) = 0, x ∈ R, t 6= 0,
u(0, x) = u0(x), x ∈ R. (1.3)
For a precise statement we introduce the two values of σ at ±∞:
σ− = lim
x→−∞
σ(x), σ+ = lim
x→+∞
σ(x).
Theorem 1.2. Any solution u ∈ C(R, L2(R)) of system (1.3) satisfying for some positive
α, β one of the following assumptions
(i) |u(0, x)| . e−αx2 , |u(1, x)| . e−βx2 , as x→ −∞, αβ > 1
16σ2−
,
(ii) |u(0, x)| . e−αx2 , |u(1, x)| . e−βx2 , as x→ +∞, αβ > 1
16σ2+
,
(iii) |u(0, x)| . e−αx2 , |u(1, x)| . e−βx2 , as |x| → ∞, αβ > 1
16 max{σ2−, σ2+}
,
vanishes identically. Moreover, in the case when σ is a two-step piecewise constant function
(i.e, it takes only two values), these exponents are sharp.
In spirit of [4], L2-versions may be obtained, but it its beyond the scope of this paper.
In the case of Schro¨dinger equation with a potential V = (V1, . . . , VN) : [0, 1] × Γ → C
we can prove a similar result in the case of a star-shaped tree. Here Γ is viewed as a
collection of N infinite intervals (0,∞) coupled at the origin. We consider the following
critical exponent
γΓ =
1
2

1, N even,
m+ 1
m
, N = 2m+ 1.
(1.4)
Theorem 1.3. Let α, β such that αβ > 4γ4Γ. Assume the solution u ∈ C([0, 1], L2(Γ)) of
equation
ut = i(∆Γ + V(t, x))u in [0, 1]× Γ
satisfies
‖eαx2u(0)‖L2(Γ) + ‖eβx2u(1)‖L2(Γ) <∞,
where V(t, x) = V1(x) + V2(t, x) with V1 real-valued, ‖V1‖L∞(Γ) ≤M1 and
sup
t∈[0,1]
‖e
αβ|x|2
(
√
αt+(1−t)√β)2 V2(t)‖L∞(Γ) < +∞.
Then u vanishes identically.
3
The above result is not sharp. In fact when all the components of V are equal, i.e.
V1 ≡ V2 ≡ · · · ≡ VN , the result can be improved by using the same strategy as in the proof
of Theorem 1.1 of making the sum of the components and using the real line result. In
this case γΓ corresponds to the one in [6], γΓ = 1/
√
8.
The paper is organised as follows. In Section 2 we present the notations and preliminaries
about metric graphs and the Schro¨dinger equation on a metric graph. In Section 3 we
consider the simple case of a star-shaped tree and give a sketch of how Theorem 1.1 can
be proven in this particular case. Also we show how Theorem 1.2 implies Theorem 1.1.
Theorem 1.2 is proved in Section 4. Sections 5 and 6 are devoted to the case of the LSE
with a potential on a star-shaped tree.
2. Notations and Preliminaries
In this section we present some generalities about metric graphs and introduce the
Laplace operator on such structure. Let Γ = (V,E) be a graph where V is a set of vertices
and E the set of edges. For each v ∈ V we denote Ev = {e ∈ E : v ∈ e}. We assume that
Γ is a finite connected graph. The edges could be of finite length and then their ends are
vertices of V or they have infinite length and then we assume that each infinite edge is a
ray with a single vertex belonging to V (see [12] for more details on graphs with infinite
edges).
We fix an orientation of Γ and for each finite oriented edge e, we have an initial vertex
I(e) and a terminal one T (e). In the case of infinite edges we have only initial vertices.
We identify every edge e of Γ with an interval Ie, where Ie = [0, le] if the edge is finite and
Ie = [0,∞) if the edge is infinite. This identification introduces a coordinate xe along the
edge e. In this way Γ becomes a metric space, called metric graph [12].
We identify any function u on Γ with a collection {ue}e∈E of functions ue defined on the
edges e of Γ. Each ue can be considered as a function on the interval Ie. In fact, we use
the same notation ue for both the function on the edge e and the function on the interval
Ie identified with e. For a function u : Γ → C, u = {ue}e∈E, we denote by f(u) : Γ → C
the family (f(ue))e∈E, where f(ue) : Ie → C.
The space Lp(Γ), 1 ≤ p < ∞ consists of all functions u = {ue}e∈E on Γ that belong to
Lp(Ie) for each edge e ∈ E and
‖u‖pLp(Γ) =
∑
e∈E
‖ue‖pLp(Ie) <∞.
Similarly, the space L∞(Γ) consists of all functions that belong to L∞(Ie) for each edge
e ∈ E and
‖u‖L∞(Γ) = max
e∈E
‖ue‖L∞(Ie) <∞.
The Sobolev space Hm(Γ), with m ≥ 1 an integer, consists of all functions with compo-
nents that belong to Hm(Ie) for each e ∈ E and
‖u‖2Hm(Γ) =
∑
e∈E
‖ue‖2Hm(e) <∞.
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These are Hilbert spaces with the inner products
(u,v)L2(Γ) =
∑
e∈E
(ue, ve)L2(Ie) =
∑
e∈E
∫
Ie
ue(x)ve(x) dx
and
(u,v)Hm(Γ) =
∑
e∈E
(ue, ve)Hm(Ie) =
∑
e∈E
m∑
k=0
∫
Ie
dkue
dxk
dkve
dxk
dx.
Notice that a function from Hm(Γ) has continuous components on the interior of edges,
but there is no information about the continuity at the coupling at the vertices. A function
u = {ue}e∈E is continuous if and only if ue is continuous on I˚e for every e ∈ E, and
moreover, it is continuous at the vertices of Γ:
ue(v) = ue
′
(v), ∀ e, e′ ∈ Ev.
We introduce the Laplace operator ∆Γ on the graph Γ, with Kirchhoff coupling condition.
This is a standard procedure and we refer to [2] for a complete description. The domain of
∆Γ (see [2]) is the space of all continuous functions on Γ, u = {ue}e∈E, such that for every
edge e ∈ E, ue ∈ H2(Ie), and satisfying the following Kirchhoff-type condition:∑
e∈E:T (e)=v
uex(le−) =
∑
e∈E:I(e)=v
uex(0+) for all v ∈ V.
It acts as the second derivative along the edges
(∆Γu)
e = (uexx) for all e ∈ E,u ∈ D(∆Γ).
It is easy to verify that (∆Γ, D(∆Γ)) is a linear, unbounded, self-adjoint, dissipative
operator on L2(Γ), i.e. (∆Γu,u)L2(Γ) ≤ 0 for all u ∈ D(∆Γ). Since C∞c (Γ), the space
of functions which are C∞ on each edge and vanish outside some bounded set of Γ, is
included in D(∆Γ) we obtain that D(∆Γ) is dense in any L
p(Γ), 1 ≤ p < ∞. All self-
adjoint extensions of the Laplacian on such quantum graphs have been described in [11]
in terms of coupling conditions. Using the properties of the operator ∆Γ we obtain as a
consequence of the Hille-Yosida theorem the following well-posedness result.
Theorem 2.1. For any u0 ∈ D(∆Γ) there exists a unique solution u(t) of system (1.2)
that satisfies u ∈ C(R, D(∆Γ)) ∩C1(R, L2(Γ)). Moreover, for any u0 ∈ L2(Γ), there exists
a unique solution u ∈ C(R, L2(Γ)) that satisfies
‖u(t)‖L2(Γ) = ‖u0‖L2(Γ) for all t ∈ R.
3. Schro¨dinger equation with Kirchhoff coupling conditions
3.1. The star-shaped tree. Let us give first a proof of Theorem 1.1 in the particular
case of a star-shaped tree with N edges, in anticipation of the strategy that one can
develop in the case of general regular trees. For any u0 = (u0k)
N
k=0 ∈ D(∆Γ) system
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(1.2) can be written in an explicit way as follows: uk ∈ C(R, H2(0,∞))∩C1(R, L2(0,∞)),
k ∈ {1, . . . , N}, 
i∂tuk + ∂xxuk = 0, t 6= 0, x > 0, k ∈ {1, . . . , N},
uk(t, 0) = uj(t, 0), k, j ∈ {1, . . . , N},∑n
k=1 ∂xuk(t, 0) = 0, t 6= 0.
(3.1)
We can consider the case α = β, the other case can be reduced to this one by using the so
called Appell transformation (see Section 7 for a precise definition). Denote by S the sum
of all the components of u:
S(t, x) =
N∑
k=1
uk(t, x).
It follows that S satisfies the Schro¨dinger equation on the half-line with Neumann boundary
condition at x = 0, Sx(t, 0) = 0. Moreover, S satisfies |S(0, x)| + |S(1, x)| . e−αx2 .
Denoting by S˜ the even extension of S we obtain that it satisfies the Schro¨dinger equation
on the whole line
iS˜t + S˜xx = 0, x ∈ R, t 6= 0.
Using the classical result on the real line we conclude that S˜ ≡ 0 so S ≡ 0. Going back
to uk, k = 1, . . . , N we obtain that each component satisfies the Schro¨dinger equation on
the half line with Dirichlet boundary condition at x = 0, uk(t, 0) = 0. Making an odd
extension u˜k, one obtains a solution of the linear Schro¨dinger equation on the whole line
that decays as follows |u˜k(1, x)|+ |u˜k(0, x)| . e−αx2 . Then u˜k ≡ 0, so uk ≡ 0.
Remark 3.1. This assumption αβ > 1/16 is sharp. In the case of the star shaped tree the
solution (uk)k=1,N of system (1.2) can be computed explicitly (see [1] for N = 3)
uk(t, x) =
∫ ∞
0
kt(x− y)u0k(y) dy +
∫ ∞
0
kt(x+ y)
( 2
N
N∑
j=1
u0j − u0k
)
(y) dy,
where kt(x) =
1√
4piit
ei
x2
4t . When αβ = 1/16, we consider as initial data
u0,k(x) = e
−αx2− ix2
4 , k = 1, . . . , N.
Using the fact that all u0,k are equal and the invariance of e
−x2 w.r.t. the Fourier transform,
we obtain that for all 1 ≤ k ≤ N
uk(1, x) = (k1 ∗ u0,k)(x) = 1√
2α
e−
i|x|2
4 e−
|x|2
16α .
3.2. Piecewise constant coeficients and LSE on regular trees. We will show how
one can apply Theorem 1.2 in order to obtain the same principle in the case of regular trees
with Kirchhoff coupling condition. In order to give a clear and detailed proof, we borrow
the notations from [9] and recall some of the needed key results. Also, for simplicity, we
restrict ourselves to a particular regular tree and we explain the changes that appear in
the case of a general regular tree after the proof.
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Proof of Theorem 1.1. Following [9], we consider the regular tree as in Figure 1, with each
internal vertex having other two children nodes, the edges of the same generation have the
same length, with the last generation being edges of infinite length.
Figure 1. Regular tree with n+ 1 = 3 generations of edges, 2 descendants from each
vertex.
Let us assume we have n generations of vertices and, correspondingly, n+ 1 generations of
edges, and present their indexing. Consider indices of type α¯ = (α1, α2, . . . , αk) ∈ {1, 2}k
and |α¯| = k the number of its components. Denote by O the root of the tree, by Oα¯ and
eα¯ the remaining vertices and edges, respectively. From each vertex Oα¯ with |α¯| ≤ n there
are two edges that branch out: eαβ, with αβ = (α1, α2, . . . , αk, β), β ∈ {1, 2}. In the case
when |α¯| ≤ n− 1, the endpoint of eαβ is Oαβ, otherwise, i.e. if |α¯| = n, the two edges that
branch out are infinite strips.
Having these new notations in mind, a function u : Γ → C is a collection of functions
{uα¯}α¯ defined on each edge, uα¯ : eα¯ → C, each edge being identified with the real sub-
interval [0, l|α¯|), with lα¯ the length of eα¯ if |α¯| ≤ n − 1, and [0,∞) if |α¯| = n. Denoting
by
Ik =
{
(ak−1, ak), if 1 ≤ k ≤ n,
(an,∞), if k = n+ 1,
with a0 = 0, ak+1 = ak + lk+1, k = 0, n− 1, an+1 = ∞, system (3.1) is equivalent (after a
space translation) with
iuα¯t (t, x) + u
α¯
xx(t, x) = 0, t 6= 0, x ∈ I|α¯|, 1 ≤ |α¯| ≤ n+ 1,
uα¯(t, a|α¯|) = uαβ(t, a|α¯|), β ∈ {1, 2}, 1 ≤ |α¯| ≤ n,
u1(t, 0) = u2(t, 0),
uα¯x(t, a|α¯|) =
∑2
β=1 u
αβ
x (t, a|α¯|), 1 ≤ |α¯| ≤ n,
u1x(t, 0) + u
2
x(t, 0) = 0,
uα¯(0, x) = uα¯0 (x).
(3.2)
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For every α¯ with 1 ≤ |α¯| ≤ n+ 1, consider the averaged sum functions
Z α¯ : Jα¯ :=
n+1−|α¯|⋃
j=0
I|α¯|+j → C
as
Z α¯(t, x) =
∑
|γ¯|=j u
αγ(t, x)
2j
, x ∈ I|α¯|+j, j = 0, n+ 1− |α¯|.
Note that
Z α¯(·, x) = uα¯(·, x), x ∈ I|α¯|. (3.3)
Consider now
Z(t, x) =
Z1(t, x) + Z2(t, x)
2
, t ∈ R, x ∈ (0,∞),
which satisfies Zx(t, 0) = 0, t 6= 0, Z(t, ak−) = Z(t, ak+) and Zx(t, ak−) = 2Zx(t, ak+) for
all 1 ≤ k ≤ n. Let us introduce the sequence (a˜k)2n+2k=0 defined by
a˜k =
{ −an+1−k, if 0 ≤ k ≤ n,
ak−(n+1), if n+ 1 ≤ k ≤ 2n+ 2.
It follows that v(t, x), the even extension of the function Z, satisfies
ivt(t, x) + vxx(t, x) = 0, t 6= 0, x ∈ (a˜k, a˜k+1)1 ≤ k ≤ 2n,
v(t, a˜k−) = v(t, a˜k+), 1 ≤ k ≤ 2n+ 1,
vx(t, a˜k−) = 12vx(t, a˜k+), 1 ≤ k ≤ n,
vx(t, a˜n+1−) = 0 = vx(t, a˜n+1+),
vx(t, a˜k−) = 2vx(t, a˜k+), n+ 2 ≤ k ≤ 2n+ 1,
v(0, x) = v0(x), x ∈ x ∈ (a˜k, a˜k+1)1 ≤ k ≤ 2n.
(3.4)
We consider
w(t, Tk(x)) = v(t, x), t ∈ R, x ∈ (a˜k, a˜k+1), 0 ≤ k ≤ 2n+ 1,
where each Tk : (a˜k, a˜k+1) → (bk, bk+1), 0 ≤ k ≤ 2n + 1 is a one-to-one linear map
that satisfies (Tk)x = µk. The idea behind this linear transformation is that as long
as vx(a˜k−) = ηkvx(a˜k+) we can construct a piecewise constant coefficient σ such that
σ(x) = µ2k on (bk, bk+1) with µk−1 = µk/ηk and w to satisfy{
iwt(t, x) + ∂x(σ∂xw))(t, x) = 0, x ∈ R, t 6= 0,
w(0, x) = w0(x), x ∈ R.
The particular structure of (3.4) where the first half of η’s are equal with 1/2 and the
second half are equal 2 allow us to consider Tk’s such that (Tk)x = 2
|n+1/2−k|−(n+1/2) and
σ(x) = 2|2n+1−2k|−(2n+1), x ∈ (bk, bk+1), 0 ≤ k ≤ 2n+ 1.
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Recall that u(0, x) = O(e−αx
2
) and u(1, x) = O(e−βx
2
) which implies that
uα¯(0, x) = O(e−αx
2
) and uα¯(1, x) = O(e−βx
2
), ∀ |α¯| ≤ n+ 1,
which in view of the previous arguments, one gets that
w(0, x) = O(e−αx
2
) and w(1, x) = O(e−βx
2
).
Thus, since from the definition of σ we get that σ± = 1, by Theorem 1.2, w(t, x) = 0, for
x ∈ R and t ∈ [0, 1]. This implies that
Z(t, x) =
Z1(t, x) + Z2(t, x)
2
= 0, x ∈ [0,∞), t ∈ [0, 1]. (3.5)
We would like to conclude that Z1 and Z2 vanish for x ∈ [0,∞) and t ∈ [0, 1], and thus,
by (3.3), u1 and u2 vanish for x ∈ I1 and t ∈ [0, 1]. Consider, as in [9], the difference
functions
Z˜1 = Z − Z1 and Z˜2 = Z − Z2. (3.6)
Since Z˜1(t, 0) = 0, making an odd extension Z˜1,odd to the whole real line, it satisfies an
equation similar to (3.4) except the fact that vx(t, a˜n+1−) = vx(t, a˜n+1+) not necessarily
vanishes and the initial data is Z˜1,odd(0, x). Since Z˜1,odd(0, x) and Z˜1,odd(1, x) are again of
order O(e−αx
2
) and O(e−βx
2
), respectively, repeating the previous steps, one arrives finally
to the conclusion that Z˜1 vanishes for all x ∈ [0,∞) and t ∈ [0, 1]. Together with (3.5)
and (3.6), we get that Z1(t, x) = 0, for x ∈ [0,∞) and t ∈ [0, 1]. Similarly, one gets that
Z2(t, x) = 0, for x ∈ [0,∞) and t ∈ [0, 1]. Thus,
u1(t, x) = 0 and u2(t, x) = 0, x ∈ I1, t ∈ [0, 1].
The vanishing property for the other components uα¯, 1 < |α¯| ≤ n + 1, follows by
induction. More precisely, assume that Z α¯ vanishes for x ∈ Jα¯ and t ∈ [0, 1], for some
|α¯| = k, and consider the difference functions
Z˜αβ(t, x) = Zαβ(t, x)− Z α¯(t, x), x ∈ Jk+1.
It follows (see for example [9]) that for k ≤ n− 1, Z˜αβ satisfies
iZ˜αβt (t, x) + Z˜
αβ
xx (t, x) = 0, t 6= 0, x ∈
⋃n+1
m=k+1 Im,
Z˜αβ(t, ak) = 0, t 6= 0,
Z˜αβ(t, am−) = Z˜αβ(t, am+), k + 1 ≤ m ≤ n,
Z˜αβx (t, am−) = 2Z˜αβx (t, am+), k + 1 ≤ m ≤ n,
Z˜αβ(0, x) = Z˜αβ0 (x), x ∈
⋃n+1
m=k+1 Im,
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and if k = n 
iZ˜αβt (t, x) + Z˜
αβ
xx (t, x) = 0, t 6= 0, x ∈ In+1,
Z˜αβ(t, ak) = 0, t 6= 0,
Z˜αβ(0, x) = Z˜αβ0 (x), x ∈ In+1.
If k ≤ n− 1, after a translation to move the point x = ak to the origin x = 0, proceeding
similarly as in the case of Z˜1, one finally gets that
Zαβ(t, x) = 0, x ∈ Jk+1, t ∈ [0, 1],
and thus,
uαβ(t, x) = 0, x ∈ Ik+1, t ∈ [0, 1].
If k = n, making an odd extension of Z˜αβ to the whole real line, since Z˜αβ(0, x) = O(e−αx
2
)
and Z˜αβ(1, x) = O(e−βx
2
), by the classical Hardy uncertainty principle for the LSE on R
follows the desired result. 
Extension to general regular trees. In the proof of Theorem 1.1, the regular tree
was assumed such that all vertices have two descendants. Let us review the modifications
that appear in the case of a regular tree with all the vertices from the 0 ≤ k ≤ n generation
having dk+1 descendants (edges). In this case, the indexing is of type α¯ = (α1, α2, . . . , αk) ∈
{1, 2, . . . , d1}×{1, 2, . . . , d2}×· · ·×{1, 2, . . . , dk}. From each vertex Oα¯ with |α¯| = k ≤ n
there are dk+1 edges that branch out, eαβk+1 , with αβk+1 = (α1, α2, . . . , αk, βk+1), with
βk+1 ∈ {1, 2, . . . , dk+1}, having endpoints Oαβk+1 , and if |α¯| = n, the dn+1 that branch out
from the vertices of the last generation, are infinite strips. In this view, the function {uα¯}α¯
modifies accordingly. Furthermore, in equation (3.2), for each |α¯| = k, β replaces with
βk+1 and the sums are indexed by βk+1 = 1, dk+1.
The averaged sum functions become, for each |α¯| = k,
Z α¯(t, x) =
∑
|γ¯|=j u
αγ(t, x)
d|α¯|+1, · · · · · d|α¯|+k , x ∈ I|α¯|+j, j = 0, n+ 1− |α¯|.
The new function Z is
Z(t, x) =
Z1(t, x) + Z2(t, x) + · · ·+ Zd1(t, x)
d1
, t ∈ R, x ∈ (0,∞),
and its even extension satisfies system (3.4) with initial data modified accordingly and with
dk+1 instead of 2. This latter modification is carried out then throughout the entire proof.
In particular, one finally arrives to the step function
σ(x) =

(
d2 · · · dn+1−k
d2 · · · dn+1
)2
, x ∈ (bk, bk+1), 0 ≤ k ≤ n− 1,
(d2 · · · dn+1)−2, x ∈ (bk, bk+1), n ≤ k ≤ n+ 1,(
d2 . . . dk−n
d2 · · · dn+1
)2
, x ∈ (bk, bk+1), n+ 2 ≤ k ≤ 2n+ 1,
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Taking then Z˜j = Z − Zj, j = 1, d1, the proof follows similarly, keeping these changes
accordingly. Again, in this case σ± = 1.
4. Proof of Theorem 1.2
Let N ≥ 2, and consider a partition of the real line l0 = −∞ < l1 < l2 < · · · < lN−1 <
lN = ∞, and on each interval Ii = (li−1, li) assume that σ(x) = a−2i is constant, with
ai > 0, for all i = 1, N . Since one can always reduce to the case l1 = 0 and assume that
lj = (j − 1)l by refining the partition of the lj’s, from now on we will consider this special
partition of R. This special choice will be used in this section.
Let u0 be as in Theorem 1.2. Then it belongs to L
2(R). Since the operator L : D(L) ⊆
L2(R)→ L2(R), acting as Lu = ∂x(σ∂xu) is self-adjoint, it generates a unitary group, i.e.
there exists a unique mild solution in L2(R) for (1.2).
In order to prove Theorem 1.2, we would like first to obtain an explicit representation of
the solution u of equation (1.3) with σ as explained at the beginning of this section. For
reasons which will be clearer in what follows, it is sufficient to compute the solution only
for x ≤ 0. Following [7], u can be written for all t 6= 0 and x ≤ 0 as
u(t, x) =
∫ 0
−∞
p1,1t (x, y)u0(y) dy+
N−1∑
j=2
∫ (j−1)l
(j−2)l
p1,jt (x, y)u0(y) dy+
∫ ∞
(N−2)l
p1,Nt (x, y)u0(y) dy,
(4.1)
where
p1,jt (x, y) =
∫
R
e−iξ
2t
[
C−1j(ξ)e
iξ(a1x−ajy) + C+1j(ξ)e
iξ(a1x+ajy)
]
dξ, y ∈ Ij, j = 1, N, (4.2)
with
C−11(ξ) =
a1
2pi
, C+1N(ξ) = 0 (4.3)
and [
C−1j(ξ)
C+1j(ξ)
]
= T¯j−1(ξ) · . . . · T¯1(ξ)
[
C−11(ξ)
C+11(ξ)
]
. (4.4)
The complexly conjugated matrices T¯j(ξ), 1 ≤ j ≤ N − 1, are of the type
T¯j(ξ) =
εj
2aj
[
e−iξδj(j−1)l γjeiξεj(j−1)l
γje
−iξεj(j−1)l eiξδj(j−1)l
]
=:
εj
2aj
[
λj(ξ) µ¯j(ξ)
µj(ξ) λ¯j(ξ)
]
(4.5)
with
δj := aj − aj+1, εj := aj + aj+1, γj := δj
εj
(4.6)
λj(ξ) = e
−iξδj(j−1)l, µj(ξ) = γje−iξεj(j−1)l. (4.7)
In particular, taking j = N in (4.4) and using (4.3)[
C−1N(ξ)
0
]
= T¯N−1(ξ) · . . . · T¯1(ξ)
[
a1/(2pi)
C+11(ξ)
]
. (4.8)
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This allows us to obtain C+11 and C
−
1N in terms of the matrices T¯k, k = 1, N . Thus, any
other C±1k can be written as[
C−1k(ξ)
C+1k(ξ)
]
=
(
T¯N−1(ξ) · . . . · T¯k(ξ)
)−1 [C−1N(ξ)
0
]
, k = 1, N − 1. (4.9)
Our aim is to deduce first an easier way to handle the expression for the coefficients
C∓1,k(ξ), for k = 1, . . . , N . While one can compute them inspired by [7], for clarity of the
exposition we prefer to make it explicit. Their representation will be given in terms of two
sequences of functions Ej,k(ξ), Fj,k(ξ), 1 ≤ k ≤ j ≤ N − 1 defined as follows:{
Ej,k(ξ) = Ej−1,k(ξ) + γje2iξl(ak+1+···+aj)F˜j−1,k(ξ)
F˜j,k(ξ) = F˜j−1,k(ξ) + γje−2iξl(ak+1+···+aj)Ej−1,k(ξ)
, j > k, (4.10)
and Ek,k(ξ) = 1, F˜k,k(ξ) = γk. Recursively, we get for all ik+1, . . . , ij ∈ {0, 1} the existence
of some constants cik+1,...,ij , c˜ik+1,...,ij , such that for all 1 ≤ k < j ≤ N − 1
Ej,k(ξ) =
∑
i∈{0,1}
cik+1,...,ije
2iξl(ik+1ak+1+...ijaj),
F˜j,k(ξ) =
∑
i∈{0,1}
c˜ik+1,...,ije
−2iξl(ik+1ak+1+...ijaj),
(4.11)
where
∑
i∈{0,1} =
∑
ik+1∈{0,1} . . .
∑
ij∈{0,1}, depending on the indexes in appearing in the
complex exponentials.
In this view, let us first prove the following lemma.
Lemma 4.1. Let λ1, µ1, . . . , λN−1, µN−1 as in (4.5). For any 1 ≤ k < j ≤ N − 1,
[T¯j(ξ) · . . . · T¯k(ξ)]21 = εk · . . . · εj
2j−k+1ak · . . . · aj λ¯k(ξ) · . . . · λ¯j(ξ)e
−2iξl(k−1)akF˜j,k,
[T¯j(ξ) · . . . · T¯k(ξ)]22 = εk · . . . · εj
2j−k+1ak · . . . · aj λ¯k(ξ) · . . . · λ¯j(ξ)Ej,k.
Proof of Lemma 4.1. Taking into account the form of the matrices T¯j(ξ) in (4.5), we ob-
serve that their product is of type
T¯j(ξ) · . . . · T¯k(ξ) =:
[
Aj,k(ξ) B¯j,k(ξ)
Bj,k(ξ) A¯j,k(ξ)
]
. (4.12)
In the following, we obtain an explicit representation of the matrices Aj,k and Bj,k. For
any j > k we have [
Aj,k(ξ)
Bj,k(ξ)
]
=
εj
2aj
[
λj(ξ) µ¯j(ξ)
µj(ξ) λ¯j(ξ)
] [
Aj−1,k(ξ)
Bj−1,k(ξ)
]
, (4.13)
with [
Ak,k(ξ)
Bk,k(ξ)
]
=
εk
2ak
[
λk(ξ)
µk(ξ)
]
. (4.14)
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Denoting 
Aj,k(ξ) =
εk · . . . · εj
2j−k+1ak · . . . · aj λk(ξ) · . . . ·λj(ξ)Ej,k(ξ)
Bj,k(ξ) =
εk · . . . · εj
2j−k+1ak · . . . · aj λ¯k(ξ) · . . . · λ¯j(ξ)Fj,k(ξ)
(4.15)
and using that λj(ξ) = e
−iξδj(j−1)l and µj(ξ) = γje−iξεj(j−1)l, with δj, εj and γj as in (4.6),
we obtain that, in order to verify (4.13), Ej,k and Fj,k satisfy{
Ej,k(ξ) = Ej−1,k(ξ) + γje2iξl(ak+1+···+aj) · e2iξl(k−1)akFj−1,k(ξ)
Fj,k(ξ) = Fj−1,k(ξ) + γje−2iξl(ak+1+···+aj) · e−2iξl(k−1)akEj−1,k(ξ)
with Ek,k(ξ) = 1, Fk,k(ξ) = γke
−2iξl(k−1)ak . Introducing F˜j,k(ξ) = e2iξl(k−1)akFj,k(ξ) we
obtain (4.10).
In view of the notations in (4.12)[
T¯j(ξ) · . . . · T¯k(ξ)
]
21
= Bj,k(ξ),
[
T¯j(ξ) · . . . · T¯k(ξ)
]
22
= A¯j,k(ξ)
the desired result follows by using (4.15). 
We now give the precise expansions of the coefficients C∓1k(ξ), k = 1, N , besides C
−
11(ξ)
and C+1N(ξ) in (4.3). In order to enlighten the expressions, set
αk :=
ε1 · . . . · εk−1
2k−1a1 · . . . · ak−1 (1− γ
2
1) · . . . · (1− γ2k−1), 2 ≤ k ≤ N. (4.16)
Lemma 4.2. The coefficients C∓1k(ξ), can be written as follows
C−11(ξ) =
a1
2pi
, C+11(ξ) = −C−11(ξ)
F˜N−1,1(ξ)
EN−1,1(ξ)
,
C−1N(ξ) =
αN
λ1(ξ) · . . . · λN−1(ξ)
C−11(ξ)
EN−1,1(ξ)
, C+1N(ξ) = 0,
and for 2 ≤ k ≤ N − 1,
C−1k(ξ) =
αk
λ1(ξ) · . . . · λk−1(ξ)
· C−11(ξ) ·
EN−1,k(ξ)
EN−1,1(ξ)
,
C+1k(ξ) = −
αk
λ1(ξ) · . . . · λk−1(ξ)
· C−11(ξ) · e−2iξl(k−1)ak
F˜N−1,k(ξ)
EN−1,1(ξ)
.
Proof. We first emphasize that
[
T¯N−1(ξ) · . . . · T¯1(ξ)
]
22
6= 0 for all ξ ∈ R. This follows from
(4.8) since a1 6= 0 (otherwise all coefficients in the matrix would be 0 and the matrix would
not be invertible). This implies that AN−1,1(ξ) and EN−1,1(ξ) do not vanish on the real
line. From (4.8), we get immediately the expression for C+11(ξ). We deduce, substituting
C+11(ξ), that
C−1N(ξ) = C
−
11(ξ) ·
|AN−1,1(ξ)|2 − |BN−1,1(ξ)|2
A¯N−1,1(ξ)
. (4.17)
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Notice that due to (4.13), we have for all 1 ≤ k < j ≤ N − 1
|Aj,k(ξ)|2−|Bj,k(ξ)|2 =
( εj
2aj
)2
· (1− γ2j )
[|Aj−1,k(ξ)|2 − |Bj−1,k(ξ)|2] = . . . =
=
(εk+1 · . . . · εj)2
(2j−kak+1 · . . . · aj)2 (1− γ
2
k+1) · . . . · (1− γ2j )
[|Ak,k(ξ)|2 − |Bk,k(ξ)|2]
=
(εk · . . . · εj)2
(2j−k+1ak · . . . · aj)2 (1− γ
2
k) · . . . · (1− γ2j ), (4.18)
where the last inequality follows from (4.14). Thus, (4.17) rewrites as
C−1N(ξ) = C
−
11(ξ) ·
(ε1 · . . . · εN−1)2
(2N−1a1 · . . . · aN−1)2 (1− γ
2
1) · . . . · (1− γ2N−1) ·
1[
T¯N−1(ξ) · . . . · T¯1(ξ)
]
22
.
Let us now handle the coefficients C∓1k(ξ), 2 ≤ k ≤ N − 1. By (4.12), one can check that
(T¯j(ξ) · . . . ·T¯k(ξ))−1 = 1|Aj,k(ξ)|2 − |Bj,k(ξ)|2 ·
[
A¯j,k(ξ) −B¯j,k(ξ)
−Bj,k(ξ) A¯j,k(ξ)
]
=
(2j−k+1ak · . . . · aj)2
(εk · . . . · εj)2 ·
1
(1− γ2k) · . . . · (1− γ2j )
·
[
A¯j,k(ξ) −B¯j,k(ξ)
−Bj,k(ξ) A¯j,k(ξ)
]
,
where the last identity follows by (4.18). Taking now j = N − 1 in the above relation, by
(4.9) we obtain[
C−1k(ξ)
C+1k(ξ)
]
=
(2N−kak · . . . · aN−1)2
(εk · . . . · εN−1)2(1− γ2k) · . . . · (1− γ2N−1)
[
A¯N−1,k(ξ) −B¯N−1,k(ξ)
−BN−1,k(ξ) A¯N−1,k(ξ)
]
·
[
C
(−)
1N (ξ)
0
]
,
which implies together with (4.12) that for 2 ≤ k ≤ N − 1
C−1k(ξ) =
(2N−kak · . . . · aN−1)2
(εk · . . . · εN−1)2(1− γ2k) · . . . · (1− γ2N−1)
[
T¯N−1(ξ) · . . . · T¯k(ξ)
]
22
· C−1N(ξ),
C+1k(ξ) = −
(2N−kak · . . . · aN−1)2
(εk · . . . · εN−1)2(1− γ2k) · . . . · (1− γ2N−1)
[
T¯N−1(ξ) · . . . · T¯k(ξ)
]
21
· C−1N(ξ).
Substituting now the previously obtained expression for C−1N(ξ), we get for 2 ≤ k ≤ N − 1
C−1k(ξ) = C
−
11(ξ) ·
(ε1 · . . . · εk−1)2(1− γ21) · . . . · (1− γ2k−1)
(2k−1a1 · . . . · ak−1)2 ·
[
T¯N−1(ξ) · . . . · T¯k(ξ)
]
22[
T¯N−1(ξ) · . . . · T¯1(ξ)
]
22
,
C+1k(ξ) = −C−11(ξ) ·
(ε1 · . . . · εk−1)2(1− γ21) · . . . · (1− γ2k−1)
(2k−1a1 · . . . · ak−1)2 ·
[
T¯N−1(ξ) · . . . · T¯k(ξ)
]
21[
T¯N−1(ξ) · . . . · T¯1(ξ)
]
22
.
The explicit values given in Lemma 4.1 complete the proof. 
Notice that in Lemma 4.2, EN−1,1(ξ) appears as the denominator of the coefficients.
In view (4.11) and using that EN−1,1(ξ) is non-vanishing on the real line, by Wiener’s
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Theorem in [15, Theorem 18.21], we immediately get that
1
EN−1,1(ξ)
=
∑
n∈Z
cn2,...,nN−1e
−2iξl(n2a2+...nN−1aN−1).
In what follows we prove that the infinite sum is indexed only by nonnegative integers.
This will be crucial in the proof of the Theorem 1.2.
Lemma 4.3. There exist constants (cn)n≥0 such that
1
EN−1,1(ξ)
=
∑
n≥0
cn2,...,nN−1e
−2iξl(n2a2+...nN−1aN−1).
Proof. We will prove that all the functions Ej,1(ξ), j = 1, . . . , N − 1 can be represented as
follows:
1
Ej,1(ξ)
=
∑
n≥0
cn2,...,nje
2iξl(n2a2+...njaj). (4.19)
We use (4.10), for k = 1 and j = 1, N − 1 to obtain the following recurrences{
Ej,1(ξ) = Ej−1,1(ξ) + γje2iξl(a2+···+aj)F˜j−1,1(ξ)
F˜j,1(ξ) = F˜j−1,1(ξ) + γje−2iξl(a2+···+aj)Ej−1,1(ξ)
(4.20)
with E1,1(ξ) = 1, F˜1,1(ξ) = γ1, where γ1 is given in (4.6).
We divide the proof in two steps.
Step 1: We prove that for any j = 1, . . . , N − 1, |F˜j,1(ξ)/Ej,1(ξ)| < 1. Defining wj =
F˜j,1(ξ)/Ej,1(ξ) we obtain that it verifies
wj =
wj−1 + bj
1 + bjwj−1
, j ≥ 2,
where bj = γje
−2iξl(a2+···+aj) and w1 = γ1. Since |bj| < 1, the map z → z+bj1+bjz maps the
complex unit disk |z| < 1 to itself. Using that |w1| < 1 and an inductive argument we
obtain that |wj| < 1 for all j ≥ 2 so |F˜j,1(ξ)/Ej,1(ξ)| < 1 for j = 1, . . . , N − 1.
Step 2: We prove identity (4.19). We first recall representation (4.11) of F˜j,1
F˜j,1(ξ) =
∑
i∈{0,1}
c˜i2,...,ije
−2iξl(i2a2+···+ijaj).
It follows that the following product
e2iξl(a2+···+aj)F˜j,1(ξ) =
∑
i∈{0,1}
c˜i2,...,ije
2iξl((1−i2)a2+···+(1−ij)aj)
has a representation of the form (4.19).
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Let us now prove (4.19) by an inductive argument. For j = 1 it is obvious. Let as
assume that the representation is true for j − 1 and prove it for j ≥ 2. The recurrences in
(4.20) give us that
1
Ej,1(ξ)
=
1
Ej−1,1(ξ)
1
1 + γje2iξl(a2+···+aj)F˜j−1,1(ξ)/Ej−1,1(ξ)
.
Since 1/Ej−1,1(ξ) admits representation (4.19) it is sufficient to analyse the second factor
in the above identity. Using Step 1 we can write
1
1 + γje2iξlaje2iξl(a2+···+aj−1)F˜j−1,1(ξ)/Ej−1,1(ξ)
=
∑
n≥0
(−γje2iξlaj)n
(e2iξl(a2+···+aj−1)F˜j−1,1(ξ)
Ej−1,1(ξ)
)n
.
Since both factors e2iξl(a2+···+aj−1)F˜j−1,1(ξ) and 1/Ej−1,1(ξ) admit a representation as the
one in (4.19) it follows that their n-th power also has a such representation. Thus the term
in the left hand side has the desired representation which finishes the proof. 
For any t, x ∈ R, we set
ht(x) :=
1
2pi
∫
R
e−iξ
2teixξ
1
EN−1,1(ξ)
dξ. (4.21)
In particular, when N = 2, ht = kt, kt being the classical Schro¨dinger kernel.
Lemma 4.4. Let N ≥ 2 and αk, for k = 2, N as in (4.16). The kernels p1,kt given in (4.2)
can be expressed as
p1,1t (x, y) = a1kt(a1x− a1y)− a1
∑
i∈{0,1}
c˜i2,...,iN−1ht[a1x+ a1y − 2l(i2a2 + . . .+ iN−1aN−1)],
p1,Nt (x, y) = a1αNht[a1x− aN(y − (N − 2)l)− l(a2 + a3 + . . .+ aN−1)]
and for 2 ≤ k ≤ N − 1, N ≥ 3,
p1,kt (x, y) =a1αk
∑
i∈{0,1}
cik+1,...,iN−1ht
[
a1x− ak(y − (k − 1)l)− l
k∑
j=2
aj − 2l
N−1∑
j=k+1
ijaj
]
− a1αk
∑
i∈{0,1}
c˜ik+1,...,iN−1ht
[
a1x− ak((k − 1)l − y)− l
k∑
j=2
aj − 2l
N−1∑
j=k+1
ijaj
]
.
Proof. In view of (4.2), (4.11) and Lemma 4.2, we can rewrite the kernel p1,1t in terms of
the functions kt and ht as
p1,1t (x, y) =
∫
R
e−iξ
2t
[
C
(−)
11 (ξ)e
iξ(a1x−a1y) + C(+)11 (ξ)e
iξ(a1x+a1y)
]
dξ
=
a1
2pi
∫
R
e−iξ
2teiξ(a1x−a1y) dξ − a1
2pi
∫
R
e−iξ
2teiξ(a1x+a1y)
F˜N−1,1(ξ)
EN−1,1(ξ)
dξ
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= a1kt(a1x− a1y)− a1
∑
i∈{0,1}
c˜i2,...,iN−1ht((a1x+ a1y)− 2l(i2a2 + . . .+ iN−1aN−1)).
In the case 2 ≤ k ≤ N − 1, by (4.2),
p1,kt (x, y) =
∫
R
e−iξ
2t
[
C
(−)
1k (ξ)e
iξ(a1x−aky) + C(+)1k (ξ)e
iξ(a1x+aky)
]
dξ =: I
(−)
1,k (t;x, y) + I
(+)
1,k (t;x, y).
Let us first remark that
λ1(ξ) . . . λk−1(ξ) = exp
(
iξ(−a2 . . .− ak−1 + (k − 2)ak)
)
, k ≥ 2.
Let us treat first the integral I
(−)
1,k (t;x, y). By Lemma 4.2 and (4.7), we can rewrite it as
I
(−)
1,k (t;x, y) = αk
∫
R
e−iξ
2teiξ(a1x−aky)λ1(ξ) . . . λk−1(ξ)
EN−1,k(ξ)
EN−1,1(ξ)
dξ
= a1αk
∑
i∈{0,1}
cik+1,...,iN−1ht
[
a1x− aky − l
k∑
j=2
aj + (k − 1)akl − 2l
N−1∑
j=k+1
ijaj
]
.
In the case of I
(+)
1,k (t;x, y), we similarly arrive to
I
(+)
1,k (t;x, y) = −a1αk
∫
R
e−iξ
2teiξa1x+akyλ1(ξ) . . . λk−1(ξ)e−2iξlak(k−1)
F˜N−1,k(ξ)
EN−1,1(ξ)
dξ
= −a1αk
∑
i∈{0,1}
c˜ik+1,...,iN−1ht
[
a1x+ aky − l
k∑
j=2
aj − (k − 1)akl − 2l
N−1∑
j=k+1
ijaj
]
.
Thus, for all 2 ≤ k ≤ N − 1 we can write p1,kt as
p1,kt (x, y) =a1αk
∑
i∈{0,1}
cik+1,...,iN−1ht
[
a1x− aky − l
k∑
j=2
aj + (k − 1)akl − 2l
N−1∑
j=k+1
ijaj
]
− a1αk
∑
i∈{0,1}
c˜ik+1,...,iN−1ht
[
a1x+ aky − l
k∑
j=2
aj − (k − 1)akl − 2l
N−1∑
j=k+1
ijaj
]
.
In the case of p1,Nt , we have again by (4.2) and Lemma 4.2
p1,Nt (x, y) =
∫
R
e−iξ
2t
[
C−1N(ξ)e
iξ(a1x−aNy) + C+1N(ξ)e
iξ(a1x+aNy)
]
dξ
= a1αN
∫
R
e−iξ
2teiξ(a1x−aNy)λ1(ξ) . . . λN−1(ξ)
dξ
EN−1,1(ξ)
= a1αNht
[
(a1x− aNy)− l(a2 + a3 + . . .+ aN−1) + (N − 2)aN l
]
.
This finishes the proof. 
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Based on these new representations in Lemma 4.4 of the kernels in (4.2), we can rewrite
the solution u expressed in (4.1) in a more useful way.
Lemma 4.5. Let u0 ∈ L2(R). There exists a function ψ, depending on u0 and (ai)Ni=1,
supported in (0,∞) such that for t 6= 0 and x ≤ 0, the solution of (1.2) can be written as
u(t, x) =
∫
R
kt(a1x− y)u0
(
y
a1
)
1(−∞,0)(y) dy +
∫
R
ht(a1x− y)ψ(y) dy. (4.22)
Proof. We use (4.1) and Lemma 4.4. Using the first term in the representation of p1,1t in
Lemma 4.4 and a change of variables y → y/a1 we obtain the first term in the right hand
side of (4.22):
a1
∫ 0
−∞
kt(a1x−a1y)u0(y) dy =
∫ 0
−∞
kt(a1x−y)u0
(
y
a1
)
dy =
∫
R
kt(a1x−y)u0
(
y
a1
)
1(−∞,0)(y) dy.
We will prove now that all the other terms in the representation of u are of the form
(ht ∗ ψ)(a1x) for some function ψ having the support in (0,∞).
We remark that for any 1 ≤ k ≤ N − 1 and y ∈ Ik the new variable
z = ak((k − 1)l − y) + l
k∑
j=2
aj + 2l
N−1∑
j=k+1
ijaj
runs over the positive real numbers. We use this change of variables to obtain the existence
of a function ψ depending on u0 and all the parameters involved in the definition of variable
z to obtain that∫
Ik
ht
[
a1x− ak((k − 1)l − y)− l
k∑
j=2
aj − 2l
N−1∑
j=k+1
ijaj
]
u0(y) dy =
∫ ∞
0
ht(a1x− z)ψ(z) dz.
We proceed in the same way with the terms containing a1x− aky. For any 2 ≤ k ≤ N and
y ∈ Ik the variable
z = ak(y − (k − 1)l) + l
k∑
j=2
aj + 2l
N−1∑
j=k+1
ijaj
runs over positive real numbers. Thus there exists a function ψ such that∫
Ik
ht
[
a1x− ak(y − (k − 1)l)− l
k∑
j=2
aj − 2l
N−1∑
j=k+1
ijaj
]
u0(y) dy =
∫ ∞
0
ht(a1x− z)ψ(z) dz.
In all the cases we obtain that the integrals are of the form (ht ∗ψ)(a1x) for some function
ψ supported on the positive axis. Summing all these functions we obtain the desired
representation for the solution u. 
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Lemma 4.6. Let u be a solution of (1.3), such that
|u(0, x)| = O(e−αx2), |u(1, x)| = O(e−βx2), as x→ −∞,
for some α, β > 0 with
√
αβ > a21/4. Then, u(t, x) = 0 for all t ∈ R and x ≤ 0.
Proof. We use the representation in Lemma 4.3, to write ht(x) as
ht(x) =
1
2pi
∫
R
e−iξ
2teixξ
∑
n≥0
cn2,...,nN−1e
−2iξl(n2a2+...+nN−1aN−1) dξ
=
∑
n≥0
cn2,...,nN−1kt[x− 2l(n2a2 + . . .+ nN−1aN−1)]
Using (4.22), we have for t 6= 0 and x ≤ 0, that u(t, x) = (kt ∗ η)(a1x) with
η(y) = u0
(
y
a1
)
1(−∞,0)(y) +
∑
n≥0
cn2,...,nN−1ψ(y − 2l(n2a2 + . . .+ nN−1aN−1)), y ∈ R.
Using the explicit representation of kt we have
u(t, x) =
1√
4piit
ei
a21x
2
4t
∫
R
e−i
a1xy
2t ei
y2
4t η(y) dy =
1√
2it
ei
a21x
2
4t
̂
ei
|·|2
4t η
(
a1x
2t
)
.
Since |u(1, x)| = O(e−βx2) as x→ −∞ we obtain
|̂ei |·|24 η(x)| = O(e−
4βx2
a21 ), as x→ −∞.
Since supp(ψ) ⊆ (0,∞) and a2, . . . , aN−1 > 0, we have for any y ≤ 0 that η(y) = u0(y/a1).
The property |u(0, x)| = O(e−αx2) as x→ −∞ gives us that
|ei |·|
2
4 η(x)| = O(e−α
x2
a21 ), as x→ −∞.
Thus, by [14, Theorem 2.3 (B)], it follows that as long as
√
αβ > a21/4 with α, β > 0, we
must have η ≡ 0 on R, which implies u(t, x) = 0, for t 6= 0 and x ≤ 0, which completes the
proof. 
We are ready to prove the main result of this section, Theorem 1.2.
Proof of Theorem 1.2. We prove the first part since the other two follow from the first
one. We will proceed by induction. For N ≥ 1 let P (N) be the statement: For any
a1, . . . , aN > 0, if the solution uσN of the equation{
iut(t, x) + ∂x(σN∂xu)(t, x) = 0, x ∈ R, t 6= 0,
u(0, x) = u0(x), x ∈ R
with the piecewise constant function σN given by σ1(x) = a
−2
1 if N = 1 and for N ≥ 2
σN(x) = a
−2
k , x ∈ Ik, k = 1, . . . , N , satisfies for some positive numbers α and β with
αβ > a41/16,
uσN (0, x) = O(e
−αx2), uσN (1, x) = O(e
−βx2), as x→ −∞,
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then uσN ≡ 0.
When N = 1 let us consider uσ1 , solution of
iut(t, x) +
1
a21
∂2xxu(t, x) = 0, x ∈ R, t 6= 0
that satisfies u(0, x) = O(e−αx
2
) and u(1, x) = O(e−βx
2
) as x → −∞, for some positive
numbers α and β with αβ > a41/16. We consider v(t, x) = uσ1(t, x/a1) and apply the
results for the one dimensional LSE [14, Theorem 2.3 (B)] to conclude that uσ1 ≡ 0.
Assume now that P (N), holds true, and we want to prove that P (N + 1) also holds
true, i.e. we want to show that for any a1, . . . , aN+1 > 0 and σN+1(x) = a
−2
k , x ∈ Ik,
k = 1, . . . , N + 1, the solution uσN+1 of the equation
iut(t, x) + ∂x(σN+1∂xu)(t, x) = 0, x ∈ R, t 6= 0
satisfying for some positive numbers α and β with αβ > a41/16
uσN+1(0, x) = O(e
−αx2), uσN+1(1, x) = O(e
−βx2), as x→ −∞,
vanishes identically, uσN+1 ≡ 0.
Fix a1, . . . , aN , aN+1 > 0 and consider the corresponding piecewise constant function
σN+1. Then, by Lemma 4.6 applied for σN+1, since αβ > a
4
1/16, the solution uσN+1
vanishes for all t ∈ R and x ≤ 0. Then, one can check that uσN+1 is solution to{
iut(t, x) + ∂x(σ˜N∂xu)(t, x) = 0, x ∈ R, t 6= 0,
u(0) = u0, x ∈ R
with σ˜N = a
−2
2 when N = 1 and for N ≥ 2
σ˜N(x) =

a−22 , x ∈ I˜1 := (−∞, l),
a−23 , x ∈ I˜2 := (l, 2l),
...
a−2N+1, x ∈ I˜N := ((N − 1)l,+∞).
The translated function vσN (t, x) := uσN+1(t, x+ l) is solution of{
ivt(t, x) + ∂x(σN∂xv)(t, x) = 0, x ∈ R, t 6= 0,
v(0, x) = u0(x+ l), x ∈ R
with σN(x) = a
−2
k+1, x ∈ Ik, k = 1, . . . , N . Since uσN+1 vanishes for all t ∈ R and x ≤ 0
function v satisfies
vσN (0, x) = 0, vσN (1, x) = 0, for x < −l.
Thus
vσN (0, x) = O(e
−αx2), vσN (1, x) = O(e
−βx2), as x→ −∞,
for any α and β satisfying αβ > 0, in particular, for some positive numbers α and β
satisfying αβ > a42/16 and thus, by the induction hypothesis, vσN ≡ 0. Finally, we get that
uσN+1 ≡ 0 and, therefore, P (N + 1) also holds true.
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In order to complete the proof of Theorem 1.2, let us show that in the case of two steps
piecewise-constant function σ, i.e. N = 2, the exponents are sharp. More precisely, let
σ(x) =
{
a−21 , x ∈ I1 := (−∞, 0),
a−22 , x ∈ I2 := (0,∞),
with a1, a2 > 0. We note that when N = 2 in view of (4.21) ht = kt. Using the repre-
sentation of u above (see also [7]), the solution u of system (1.3) with σ as above, can be
written as
u(t, x) =
{
(kt ∗ ψ)(a1x), x < 0,
(kt ∗ ψ˜)(a2x), x > 0,
with
ψ(y) = u0
(
y
a1
)
1(−∞,0)(y) +
a2 − a1
a1 + a2
u0
(
− y
a1
)
1(0,∞)(y) +
2a1
a1 + a2
u0
(
y
a2
)
1(0,∞)(y),
ψ˜(y) =
2a2
a1 + a2
u0
(
y
a1
)
1(−∞,0)(y) + u0
(
y
a2
)
1(0,∞)(y) +
a1 − a2
a1 + a2
u0
(
− y
a2
)
1(−∞,0)(y).
Taking as initial data
u0(x) =
{
e−a
2
1x
2−ia21 x
2
4 , x ≤ 0
e−a
2
2x
2−ia22 x
2
4 , x > 0
,
the solution at t = 1 can be written as
u(1, x) =

√
2
i
eia
2
1
x2
4 ê−|·|2
(
2a1x
4
)
, x ≤ 0√
2
i
eia
2
2
x2
4 ê−|·|2
(
2a2x
4
)
, x > 0
=

√
4
i
e−
a21x
2
16
+ia21
x2
4 , x ≤ 0√
4
i
e−
a22x
2
16
+ia22
x2
4 , x > 0
,
and letting α = min{a21, a22}, one gets a nonzero solution satisfying
|u(0, x)| . e−αx2 , |u(1, x)| . e− α16x2 , as |x| → ∞.
The proof is now complete. 
5. A Carleman Inequality
Let Γ be a star-shaped graph, N the number of its edges and the critical exponent γΓ
as in (1.4). In the following, we will obtain a Carleman inequality on Γ on which we rely
the proof of Theorem 1.3. Let consider the set Zcomp defined by
Zcomp =
{
q = (qj)j=1,N ∈ C([0, T ]× Γ), qj ∈ C1,2([0, T ]× [0,∞)) ∀j = 1, N s.t.
qj(t, 0) = ql(t, 0) ∀1 ≤ j, l ≤ N,
N∑
j=1
qj,x(t, 0) = 0, t ∈ [0, T ]
}
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It is clear that Zcomp is densely embedded in C([0, T ], D(∆Γ)). Consider also the weight
function ϕ = (ϕj)j=1,N given by
ϕj(t, x) = µ|αjx+Rt(1− t)|2 − (1 + )R
2t(1− t)
16µ
∀j = 1, N,
for some µ > 0,  > 0, R > 0 and αj ∈ R for all j ∈ 1, N , such that
N∑
j=1
ϕj,x(t, 0) = 0, (5.1)
i.e., in terms of the vector α = (αj)j=1,N ,
∑N
j=1 αj = 0. Moreover, one can observe that
ϕj(0, t) = ϕl(0, t), for any 1 ≤ j, l,≤ N and t ∈ [0, T ], so the weight function ϕ belongs to
Zcomp.
In the proof of the Carleman inequality, we will make use of N weights (ϕk)k=1,N , with
coefficients (αk)k=1,N such that
(i) If N is even, α1 = (1,−1, . . . , 1,−1) and αk is a cyclic permutation of αk−1, for
all k = 2, . . . , N .
(ii) IfN = 2m+1, α1 = (−1, . . . ,−1︸ ︷︷ ︸
m+1
,
m+ 1
m
, . . . ,
m+ 1
m︸ ︷︷ ︸
m
) andαk is a cyclic permutation of
αk−1, for all k = 2, . . . , N .
The particular form the of the vectors αk satisfies the following properties that will be
used in the proof of a Carleman inequality:∑
k
αkj = 0, ∀j = 1, . . . , N,
and the sum
∑
k(α
k
j )
2 is independent on j.
Lemma 5.1. (Carleman Inequality) Let us consider the weights introduced above. The
following inequality
R2
8µ
N∑
k=1
‖eϕkq‖2L2([0,1]×Γ) ≤
N∑
k=1
‖eϕk(∂t + i∆Γ)q‖2L2([0,1]×Γ) (5.2)
holds for all  > 0, µ > 0, R > 0 and q ∈ Zcomp.
Proof. Writing explicitly the above norms we will prove that
R2
8µ
∑
k
N∑
j=1
∫ 1
0
∫ ∞
0
|eϕkj (x,t)qj(t, x)|2 dx dt ≤
∑
k
N∑
j=1
∫ 1
0
∫ ∞
0
|eϕkj (x,t)(∂t+i∂xx)qj(t, x)|2 dx dt.
In the following, for the sake of reading we will not make precise the time dependence
unless it si necessary. Following [10], for each k ∈ {1, . . . , N}, we denote uk := eϕkq, and
wk := eϕ
k
(∂t + i∆Γ)q = e
ϕk(∂t + i∆Γ)e
−ϕkuk.
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Then,∑
k
‖wk‖L2([0,1]×Γ) ≥
∑
k
N∑
j=1
4
∫ 1
0
∫ ∞
0
ϕkj,xx|ukj,x|2 dx dt+ 4=
(∫ 1
0
∫ ∞
0
ϕkj,xtu
k
ju
k
j,x dx dt
)
+
∫ 1
0
∫ ∞
0
|ukj |2[−(ϕkj,4x − ϕkj,tt) + 4(ϕkj,x)2ϕkj,xx] dx dt+BT (0),
where the boundary term at x = 0 is given by
BT (0) = 2
∑
k
N∑
j=1
∫ 1
0
ϕkj,x(0)|ukj,x(0)|2 dt+
∑
k
N∑
j=1
∫ 1
0
(−ϕkj,3x(0) + 2(ϕkj,x(0)3))|u(0)|2 dt
+ 2
∑
k
N∑
j=1
∫ 1
0
ϕkj,xx(0)<(u(0)ukj,x(0)) dt+ 2
∑
k
N∑
j=1
∫ 1
0
ϕkj,t(0)<(−iu(0)ukj,x(0)) dt
+
∑
k
N∑
j=1
∫ 1
0
iϕkj,x(0)[u(0)ut(0)− ut(0)u(0)] dt =: J1 + J2 + J3 + J4 + J5,
with u(0) = ukj (0, t) and ϕ(0) = ϕ
k
j (0, t), and similarly for the times derivatives.
In view of property (5.1) we immediatelly obtain that J5 = 0. We now proceed with the
other terms. For the first one we have
J1 =2
∑
k
N∑
j=1
∫ 1
0
ϕkj,x(0)|ϕkj,x(0)qj(0) + qj,x(0)|2e2ϕ
k
j (0) dt
=2
∑
k
N∑
j=1
∫ 1
0
(ϕkj,x(0))
3|u(0)|2 dt+ 2
∑
k
N∑
j=1
∫ 1
0
ϕkj,x(0)e
2ϕkj (0)|qj,x(0)|2 dt
+ 4
∑
k
N∑
j=1
∫ 1
0
ϕkj,x(0)<(ϕkj,x(0)qj(0)qj,x(0))e2ϕ(0) dt
=2
∫ 1
0
|u(0)|2
∑
k
N∑
j=1
(ϕkj,x(0))
3 dt+ 2
∫ 1
0
e2ϕ(0)
∑
k
N∑
j=1
ϕkj,x(0)|qj,x(0)|2 dt
+ 4<
∫ 1
0
u(0)eϕ(0)
N∑
j=1
qj,x(0)
∑
k
(ϕkj,x(0))
2 dt.
We prove that the last two term vanish. Using that
∑
k ϕ
k
j,x(0) = 0 for all j = 1, . . . , N ,
we obtain that the second one vanishes. Since
∑
k(ϕ
k
j,x(0))
2 is independent of j and∑N
j=1 qj,x(0) = 0, the last term in the above right hand side is zero. For any j = 1, . . . , N ,∑
k(ϕ
k
j,x(t, 0))
3 = A(t) where A(t) ≥ 0. In particular, when N is even A(t) = 0. This gives
us that J1 ≥ 0. In the case of J2 we use that all the third order derivatives of ϕk vanish
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and we have J2 = J1 ≥ 0. In the case of J3 we use that
J3 =
∑
k
N∑
j=1
∫ 1
0
ϕkj,xx(0)<[u(0)eϕ(0)(ϕkj,x(0)qj(0) + qj,x(0))] dt =
=
∑
k
N∑
j=1
∫ 1
0
ϕkj,xx(0)<[|u(0)|2ϕkj,x(0) + u(0)eϕ(0)qj,x(0)] dt.
Since ϕkj (0) = ϕ
k˜
j˜
(0), for any k, j, k˜, j˜ ∈ {1, . . . , N} and ∑k ϕkj,xx(0) does not depend on j,
we have that the sum of the last term vanishes and therefore,
J3 =
∫ 1
0
|u(0)|2
∑
k
N∑
j=1
ϕkj,xx(0)ϕ
k
j,x(0) dt = 4Rµ
2
∫ 1
0
|u(0)|2t(1− t) dt
∑
k
N∑
j=1
(αkj )
3 ≥ 0.
Denoting by ϕt(t, 0) the common value of ϕ
k
j,t(t, 0), 1 ≤ j, k ≤ N we get
J4 = 2
∑
k
N∑
j=1
∫ 1
0
ϕt(t, 0)<[−iu(0)(ϕkj,x(0)qj(0) + qj,x(0))eϕ(0)] dt
= 2
∑
k
N∑
j=1
∫ 1
0
ϕt(t, 0)<[−iu(0)ϕkj,x(0)u(0)− iu(0)qj,x(0)eϕ(0)] dt
= 2N
∫ 1
0
ϕt(t, 0)e
ϕ(0)<[−iu(0)
N∑
j=1
qj,x(0)] dt = 0,
where we used the fact that ϕkj are real valued functions. The above estimates show that
BT (0) ≥ 0 and therefore
∑
k
‖wk‖2L2([0,1]×Γ) ≥
∑
k
N∑
j=1
∫ 1
0
∫ ∞
0
4ϕkj,xx|ukj,x|2 dx dt+ 4=
∫ 1
0
∫ ∞
0
ϕkj,xtu
k
ju
k
j,x dx dt
+
∑
k
N∑
j=1
∫ 1
0
∫ ∞
0
|ukj |2[−ϕkj,4x + ϕkj,tt + 4(ϕkj,x)2ϕkj,xx] dx dt.
Notice that for all k and j in {1, . . . , N}, ϕkj,4x(x, t) = 0 and ϕkj,xx(x, t) = 2µ(αkj )2. Then,
we make squares and we can write∑
k
‖wk‖2L2([0,1]×Γ) ≥
∑
k
N∑
j=1
∫ 1
0
∫ ∞
0
∣∣∣2√ϕkj,xxukj,x − iϕkj,xt√
ϕkj,xx
ukj
∣∣∣2 dx dt
+
∑
k
N∑
j=1
∫ 1
0
∫ ∞
0
[
ϕkj,tt + 4ϕ
k
j,xx(ϕ
k
j,x)
2 − (ϕ
k
j,xt)
2
ϕkj,xx
]
|ukj |2 dx dt.
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From the definition of ukj we get that
ϕkj,tt + 4ϕ
k
j,xx(ϕ
k
j,x)
2 − (ϕ
k
j,xt)
2
ϕkj,xx
= 32(αkj )
4µ3(αkjx+Rt(1− t))2 − 4Rµ(αkjx+Rt(1− t)) +
R2(1 + )
8µ
= 32(αkj )
4µ3
(
αkjx+Rt(1− t)−
R
16µ2(αkj )
4
)2
− R
2
8µ(αkj )
4
+
R2(1 + )
8µ
≥ R
2
8µ
(
1− 1
(αkj )
4
+ 
)
≥ R
2
8µ
,
where the last inequality holds due to the fact that |αkj | ≥ 1, for all k and j in {1, . . . , N}.
Finally this implies that∑
k
‖wk‖2L2([0,1]×Γ) ≥
R2
8µ
∑
k
N∑
j=1
∫ 1
0
∫ ∞
0
|ukj |2 dx dt,
which concludes the result. 
6. Proof of Theorem 1.3
Before proving Theorem 1.3, we need to study the behavior of a solution of the Schro¨dinger
equation {
ut = i(∆Γ + V(t, x))u in [0, 1]× Γ,
u(0) = u0, x ∈ Γ. (6.1)
in the star-shaped graph Γ with Gaussian decay at t = 0 and t = 1. More precisely, we
need to show that such a solution has Gaussian decay at any time in between.
Through this section, we will denote by ‖ · ‖2 and ‖ · ‖∞ the L2(Γ) and L∞(Γ) norms.
Theorem 6.1. Assume that u in C([0, 1], L2(Γ)) verifies (6.1), V(t, x) = V1(x) +V2(t, x)
where V1 is real-valued, ‖V1‖∞ ≤ M1 and that there are two positive numbers α and β
such that
‖eα|x|2u(0)‖2, ‖eβ|x|2u(1)‖2, and sup
[0,1]
‖e
αβ|x|2
(
√
αt+(1−t)√β)2 V2(t)‖∞ < +∞.
Then, there is a constant N = N (α, β) such that
‖e
αβ|x|2
(
√
αt+(1−t)√β)2 u(t)‖2 ≤ eN (M1+M2+M21 +M22 )‖eα|x|2u(0)‖
√
β(1−t)√
αt+
√
β(1−t)
2 ‖eβ|x|
2
u(1)‖
√
αt√
αt+
√
β(1−t)
2 ,
when 0 ≤ t ≤ 1, M2 = sup[0,1] ‖e
αβ|x|2
(
√
αt+(1−t)√β)2 V2(t)‖∞e2 sup[0,1] ‖=V2(t)‖∞. Moreover
‖
√
t(1− t)e
αβ|x|2
(
√
αt+(1−t)√β)2∇u‖L2([0,1]×Γ) ≤ N eN (M1+M2+M21 +M22 )
[
‖eα|x|2u(0)‖2 + ‖eβ|x|2u(1)‖2
]
.
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The proof of this Theorem follows very closely the proof of the result in the real line,
given in [5], and therefore we skip the details.
Proof of Theorem 1.3. Using the Appell transform (see Section 7) we can consider the case
α = β = γ > 2γ2Γ. The subsequent formal computations are justified by Theorem 6.1. Since
γ > 2γ2Γ, we can choose µ > 1/2 and  > 0 such that
(2γΓ)
2(1 + )3/2
2(1− )3 < (2γΓ)
2µ ≤ γ
1 + 
, (6.2)
and the smooth functions θM and ηR, for M  R > 2, verifying
θM(x) =
{
1, x ∈ [0,M ]
0, x ∈ (2M,∞) , 0 ≤ θM ≤ 1,
ηR(t) =
{
1, t ∈ [ 1
R
, 1− 1
R
]
0, t ∈ [0, 1
2R
] ∪ [1− 1
2R
, 1]
, 0 ≤ ηR ≤ 1.
We define the space-time truncation of u
qj(t, x) = θM(x)ηR(t)uj(t, x),
and since q = (qj)j=1,N ∈ Zcomp, we can use the previous Carleman estimate. Note also
that
(∂t + i∂xx)qj = θMηR(∂t + i∂xx)uj + η
′
RθMuj + (θ
′′
MηRuj + 2θ
′
MηRuj,x).
Therefore, in view of the Carleman estimates (5.2)
R2
8µ
N∑
k=1
‖eϕkq‖2L2([0,1]×Γ) ≤
N∑
k=1
N∑
j=1
∫ 1
0
∫ ∞
0
|eϕkjVjqj|2 + |eϕkj η′RθMuj|2 dx dt
+
N∑
k=1
N∑
j=1
∫ 1
0
∫ ∞
0
|eϕkj ηR(θ′′Muj + 2θ′Muj,x)|2 dx dt.
(6.3)
Since
N∑
k=1
N∑
j=1
∫ 1
0
∫ ∞
0
|eϕkjVjqj|2 dx dt ≤ ‖V ‖2∞
N∑
k=1
N∑
j=1
∫ 1
0
∫ ∞
0
|eϕkj qj|2 dx dt,
taking R ≥ 2
√
8µ

‖V ‖∞, this term can be absorbed in the left-hand side. In the following
computations, all the constants involved may depend on the behavior of the solution at
times t = 0 and t = 1, the potential, and also on the parameters γ, µ or , but they will
not depend on R and M .
Since the integrand in the second term is in fact supported in x ∈ [0, 2M ] and t ∈[
1
2R
,
1
R
]⋃[
1− 1
R
, 1− 1
2R
]
by (6.2) we have that for such x and t
ϕkj (t, x) ≤ µ[(αkj )2x2 +R2t2(1− t)2 + 2αkjxRt(1− t)]
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≤ (αkj )2µ(1 + )x2 +R2t2(1− t)2µ
(
1 +
1

)
≤ max
k,j
|αkj |2µ(1 + )x2 +
γ
(2γΓ)2
.
Since |αkj | ≤ 2γΓ the second inequality in (6.2) gives us that
ϕkj (t, x) ≤ γx2 +
γ
(2γΓ)2
.
Hence, we can estimate all the terms uniformly in k and obtain that
N∑
k=1
N∑
j=1
∫ 1
0
∫ ∞
0
|eϕkj η′RθMuj|2 dx dt ≤ NR2e
2γ
(2γΓ)
2
N∑
j=1
∫ 1
0
∫ ∞
0
|eγx2uj|2 dx dt
. R2 sup
t∈[0,1]
‖eγx2u(t)‖22.
Taking into account that the integrand in the last term of (6.3) is supported now in
x ∈ [M, 2M ] and t ∈
[
1
2R
, 1− 1
2R
]
, similarly as before we get
ϕkj (x, t) ≤ (αkj )2µ(1 + )x2 +R2t2(1− t)2µ
(
1 +
1

)
≤ γx2 + R
2
16
µ
(
1 +
1

)
≤ γx2 + R
2γ
16(2γΓ)2
.
Therefore,
N∑
k=1
N∑
j=1
∫ 1
0
∫ ∞
0
|eϕkj ηR(θ′′Muj + 2θ′Muj,x)|2 dx dt
≤ N
M2
e
2R2γ
16(2γΓ)
2
N∑
j=1
∫ 1− 1
2R
1
2R
∫ ∞
0
|eγx2(uj + uj,x)|2 dx dt
≤ C1
M2
eC2R
2
[ N∑
j=1
∫ 1− 1
2R
1
2R
∫ ∞
0
|eγx2uj|2 dx dt+
N∑
j=1
∫ 1− 1
2R
1
2R
∫ ∞
0
|eγx2uj,x|2 dx dt
]
≤ C1
M2
eC2R
2
[
sup
t∈[0,1]
‖eγx2u(t)‖22 +R2
∫ 1− 1
2R
1
2R
∫ ∞
0
t(1− t)|eγx2uj,x|2 dx dt
]
.
Hence, thanks to Theorem 6.1 the last term on (6.3) is bounded by
N∑
k=1
N∑
j=1
∫ 1
0
∫ ∞
0
|eϕkj ηR(θ′′Muj + 2θ′Muj,x)|2 dx dt ≤
C1
M2
R2eC2R
2K.
Gathering now all these estimates, we have that
R2
8µ
N∑
k=1
N∑
j=1
‖eϕkj qj‖2L2([0,1]×Γ) ≤ CR2 +
C1R
2
M2
eC2R
2K.
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On the other hand for each j we can find a k such that αkj = −1. By discarding all the
other values of k,
N∑
k=1
N∑
j=1
‖eϕkj qj‖2L2([0,1]×Γ) ≥
N∑
j=1
‖eµ|−x+Rt(1−t)|2−(1+)R
2t(1−t
16µ qj‖2L2([0,1]×Γ).
If x ∈
[
0,
(1− )2R
4
]
and t ∈
[
1− 
2
,
1 + 
2
]
, then θM = 1 for M  R and ηR = 1 for
1/R < (1− )/2. Moreover, in this region, | −x+Rt(1− t)| > Rt(1− t)−x > R(1− )3/4,
so
µ(−x+Rt(1− t))2 − (1 + )R
2t(1− t)
16µ
≥ 1
4
R2
16µ
(4µ2(1− )6 − (1 + )3) > 0,
since µ >
(1 + )3/2
2(1− )3 . Hence, there exists a constant Cγ, such that
N∑
j=1
‖eµ(−1x+Rt(1−t))2− (1+)R
2t(1−t)
16µ qj‖2L2([0,1]×Γ) ≥ eCγ,R
2
N∑
j=1
‖uj‖2
L2
(
[ 1−
2
, 1+
2
]×[0, (1−)2R
4
]
).
Thus we show that there exists a positive constant Cγ,,V such that
eCγ,R
2
N∑
j=1
‖uj‖
L2
(
[ 1−
2
, 1+
2
]×[0, (1−)2R
4
]
) ≤ Cγ,,V + Cγ,,V eC2R2
M2
K.
By letting M tend to infinity, we have
eCγ,R
2
N∑
j=1
‖uj‖
L2
(
[ 1−
2
, 1+
2
]×[0, (1−)2R
4
]
) ≤ Cγ,,V.
Next, using the error estimate
N−1‖uj(0)‖2 ≤ ‖uj(t)‖2 ≤ N‖uj(0)‖2, N = esup[0,1] ‖=V(t)‖∞ ,
which can be proved in the same way as the analogous estimate in the real line, and
‖uj(t)‖2 ≤ ‖uj(t)‖
L2
(
[0,
(1−)2R
4
]
) + e−γR2 2(1−)416 Cγ,,V, 0 ≤ t ≤ 1,
we show that there exists a positive constant
C˜γ, = min
{
Cγ,,
γ2(1− )4
16
}
,
such that eC˜γ,R
2‖u(0)‖2 ≤ Cγ,,V. Indeed,
eC˜γ,R
2‖u(0)‖2 ≤ N eC˜γ,R2
N∑
j=1
‖uj(t)‖2
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. N eC˜γ,R2
N∑
j=1
‖uj‖
L2
(
[0,
(1−)2R
4
]
) + eC˜γ,R2−γR2 2(1−)416
and hence, integrating the last inequality in t ∈ [1−
2
, 1+
2
],
Ce
C˜γ,R2‖u(0)‖2 ≤ N eC˜γ,R2
N∑
j=1
‖uj‖
L2
(
[ 1−
2
, 1+
2
]×[0, (1−)2R
4
]
) + CeC˜γ,−γ 2(1−)416 R2 ≤ C.
Letting R go to infinity, we conclude u ≡ 0. 
7. Appendix. Appell transform
In order to study the behavior of solutions of the Schro¨dinger equation with a potential,
we will restrict ourselves to the case where the rates of decay at times t = 0 and t = 1
are the same. We will reduce from the general case to this case by means of the so-called
Appell transformation (see [5] for the proof).
Lemma 7.1. Assume that u(s, y) verifies
∂su = (A+ iB)(∆Γu + V(s, y)u + F(s, y)), in [0, 1]× Γ,
where A+ iB 6= 0, α and β are positive, γ ∈ R, and set
u˜(t, x) =
(
(αβ)1/4√
α(1− t) +√βt
)1/2
u
( √
βt√
α(1− t) +√βt,
(αβ)1/4x√
α(1− t) +√βt
)
e
(
√
α−√β)|x|2
4(A+iB)(
√
α(1−t)+√βt) .
Then u˜ verifies
∂tu˜ = (A+ iB)(∆u˜ + V˜(t, x)u˜ + F˜(t, x)), in [0, 1]× Γ,
with
V˜(t, x) =
√
αβ
(
√
α(1− t) +√βt)2 V
( √
βt√
α(1− t) +√βt,
(αβ)1/4x√
α(1− t) +√βt
)
,
F˜(t, x) =
(
(αβ)1/4√
α(1− t) +√βt
)5/2
F
( √
βt√
α(1− t) +√βt,
(αβ)1/4x√
α(1− t) +√βt
)
e
(
√
α−√β)|x|2
4(A+iB)(
√
α(1−t)+√βt) .
Moreover
‖eγ|x|2F˜(t)‖ =
√
αβ
(
√
α(1− t) +√βt)2‖e
[
γ
√
αβ
(
√
αs+
√
β(1−s))2 +
(
√
α−√β)A
4(A2+B2)(
√
αs+
√
β(1−s))
]
|y|2
F(s)‖
and
‖eγ|x|2u˜(t)‖ = ‖e
[
γ
√
αβ
(
√
αs+
√
β(1−s))2 +
(
√
α−√β)A
4(A2+B2)(
√
αs+
√
β(1−s))
]
|y|2
u(s)‖
when s =
√
βt√
α(1−t)+√βt .
The proof is based on explicit computations and the fact that the first derivative of
function x→ exp(−x2) vanishes at x = 0.
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